Abstract. The mission planning of Geostationary Earth Orbit (GEO) on-orbit refuelling with uncertain object satellites is studied in this paper. Three key problems should be resolved here: Object Satellite (OSc) selection, mission sequence planning and transfer trajectory optimization. The optimization goal is to select the OSc and find the optimal servicing sequence with the best optimization objective value. Three optimization objectives, i.e. fuel cost, the total number of the OScs and the sum of the OSc priority value are taken into account. Considering this mission as a hybrid optimal control problem, a mathematical model is proposed. Multiobjective particle swarm optimization is employed to address the model. Several mission scenarios are compared and discussed. Numerical experiments indicate that 1) the method developed in this paper could address the problem efficiently; and 2) OSc distribution and varieties in optimization objective emphasis have considerable influences on the optimization results.
Introduction
Refuelling the satellites offers a great alternative for lengthening the lifetime of the constellation, as well as increasing the constellation's profitability and survivability. Furthermore, a multispacecraft rendezvous refuelling strategy can contribute significantly to improving the economic returns of onorbit service missions [1, 2] .
In the past few years, many studies focused on OOR mission planning, i.e. developing optimal sequence and trajectories for SSc refuelling multiple targets. Shen [3] studies the scheduling of servicing multiple satellites in a circular orbit. Ouyang et al. [4] transformed the refuelling problem into a travel salesman problem (TSP). Zhang et al. [2, 5] focused on the LEO long-duration multispacecraft rendezvous mission. Bo et al. [6] presented a new refuelling pattern based on formation flying, and proposed two strategies to address the problem. Tsiotras and Dutta [1, [7] [8] [9] [10] focused on OOR missions using peer-to-peer (P2P) strategy. In the investigations mentioned above, the object satellites are always definite, and much work focuses on fuel cost only. Considering the capacity limitation of the SSc, the planning problem of GEO OOR mission with uncertain OScs is studied in this paper. The OScs are undetermined before planning, and multiple relevant optimization objectives will be taken into account. We consider the scheduling of GEO OOR mission as a HOC problem, and use Hybrid Automaton to model and address it.
Mission scenario
The mission studied here can be stated as follows. One SSc running on GEO belt is required to service some of the fuel-insufficient GEO satellites (see Figure 1 ). Since the propellant capacity of the SSc is limited, it could not service all of the satellites in a mission. The goal of the mission planning is to select the OScs that would be refuelled and find the optimal mission sequence for the SSc. In order to simplify the problem, we take two-impulse phasing maneuver and Hohmann transfer to perform orbital rendezvous, and sufficient time is given for the mission. 
Mathematical description of the HOC problem
Recently, hybrid optimal control (HOC) theory has been applied to the solution of space mission planning [11] [12] [13] [14] [15] [16] [17] . The common way to model a HOC problem consists of the steps of categorical state space modelling; continuous-time dynamics modelling; continuous-valued state and control spaces modeling; discrete events modelling; and cost functions modelling. In this section, we will detail these steps.
Categorical/Discrete state space
Supposing there are N fuel-insufficient satellites, N Q out of them are selected to be refuelled. Then the categorical state space for the problem is Q = {q 1 , q 2 , … , q NQ }. A directed graph (or called "digraph") can describe this space. Figure 2 shows a digraph for an example problem in which there are three possible categorical states that can be combined in some order to qualitatively describe the mission plan. The categorical state space is graphically depicted, as are the allowed transitions. In Figure 2 , N Q = 3, and each vertex q i is the state corresponding to the SSc flying at the slot of the i-th OSc with zero thrust. Each edge represents a switch of the SSc's dynamics from one vector field to another. u ij denotes the system input that triggers the switch from state q i to q j . A mission plan is described qualitatively by an event (or maneuver) sequence, e.g. q = (q 2 , q 1 , q 3 ), with events chosen from the categorical state space. This mission plan sequence describes that starting from the original location, the SSc refuels the OScs numbered 2, 1 and 3 one by one. The real trajectory of the SSc is q = (q 0 , q 2 , q 1 , q 3 ), where q 0 denotes the initial fly state of the SSc. In this paper, we tacitly approve that q 0 is the original state of the SSc, and q 0 won't appear in the mission plan.
Continuous-time dynamics
Associated with each state q Q is a continuous-time controlled dynamical system: 
Continuous-valued state and control spaces
For the problem investigated in this paper, we should consider constraints as follows.
(1) The number of satellites in the mission sequence should not be more than the total number of the fuel-insufficient satellites, i.e. Q N N d . (2) The fuel mass that the OSc receives should not be more than the mass it requires. And (3) when the mission is completed, the remaining fuel of the SSc should be more than a defined value min fuel .
Discrete events
Let ( , )
x u and ( , ) c c x u denote the continuous-valued state and control variables associated with any two vertices ,Q c . The generalized switching set, which may be empty, is called the event set ( , )c Ε and is defined (when nonempty) by means of an inequality constraint on a function ( , , )c e .c e is called the event function associated with the discrete states q and qc .
Cost functions
In this paper, we consider three optimization objective functions.
(1) f J : fuel cost is as small as possible. For impulsive transfers, the following expression holds between the mass of the satellite just before ( ( ) k m t ) and just after ( ( ) k m t ) an impulse at time
Where k v ' is the gain (or loss) of the velocity due to the impulse at k t t . When the SSc is running on the discrete state, there is no thrust, so the velocity increment is zero. Associated with any pair ( , )Q Q c u , the v ' consists of two components, the plane change and the in-plane transfer for the rendezvous. In this paper, we apply phasing maneuver and Hohmann transfer to in-plane transfer.
(2) N J : the number of satellites that will be serviced should be as large as possible. As the SSc could not service all of the fuel-insufficient satellites, it is required that the fuelinsufficient satellites should be refueled as many as possible.
(3) p J : the sum of the priority value in the mission sequence should be as large as possible. Suppose that each fuel-insufficient satellite has a priority value. It is required that the satellite with high priority value should be serviced first.
Summary of the HOC problem
In summary, the On-orbit refueling mission researched in this paper could simply be described as a HOC problem, and can be formulated as:
In Eq. (4), q denotes the mission sequence of the SSc, and u gives the optimal input that could trigger the whole rendezvous trajectory with optimal cost. Equations (5)- (7) represent three optimization objectives. Equations (8) and (9) describe that each discrete state should satisfy continuous-time dynamics. Equation (10) gives the constraint that the number of satellites in the mission sequence should be not more than the total number of the fuel-insufficient satellites. Equation (11) means that the fuel mass that the OSc receives should be not more than the mass it requires, where ( ) AFuel q denotes the fuel mass the OSc receives, and ( ) RFuel q gives the fuel mass the OSc requires. Equation (12) describes that when the mission is completed, the remaining fuel of the SSc should be more than min fuel . Equation (13) represents the initial state constraint of the SSc.
Solution via particle swarm optimization
To address the HOC model above, three key problems should be considered and resolved:
(1) OScs selection: deciding which satellite will be refuelled. Multi-Objective Particle Swarm Optimization (MOPSO) algorithm is employed to deal with the model described above. The main algorithm is provided in [15] . Here we will detail the encoding method and the fitness computation process of MOPSO.
Encoding
In the MOPSO algorithm used in this paper, each particle is a row matrix with N columns, where N denotes the total number of the fuel-insufficient satellites. Each particle contains N real numbers
Sorting these numbers in ascending order, the task arrangement then could be obtained. For example, if a particle is described as [1.5,1.3,1.7] , it means that the SSc should service satellites 2, 1 and 3 in order.
Fitness computation
When the particle is given, the task arrangement can be decoded, and the fitness value can be computed as follows (see Figure 3) . 
Simulations

Configurations
To demonstrate the model and the solution method, 15 objects of GEO belt were selected as fuelinsufficient satellites (see Table 1 ).The inclination and right ascension data are from literature [20] . Satellite dry mass, fuel requirements, and satellite priority value are given randomly. It is assumed that SSc and all satellites are in circular orbits with the orbit altitude of 35798 km G r , and the SSc is originally located at the position where the inclination is 0 deg, the RAAN is 0 deg and the initial true anomaly is 0 deg. The initial dry mass of the SSc is 2000 kg, while the fuel mass it initially carries is 3000 kg. The specific impulse of the SSc is 300 s, and min fuel here is 1 kg. As sufficient time is provided for on-orbit refueling mission, each rendezvous could be achieved by phasing maneuver or Hohmann transfer. The time upper bound for each Phasing maneuver is 30 days. Four mission scenarios are given here to be compared and discussed. The SSc should return to its original location after mission in all these scenarios unless noted otherwise. Table 1 .
Case 4-1: fuel demand of each satellite is 0 kg; the orbit altitude of the SSc is initially 4200 G r k m ; and after mission, the SSc is not required to return to its original location. Case 4-2: fuel demand of each satellite is depicted in Table 1 ; and the orbit altitude of the SSc is initially 4200 G r k m .
Results and discussions
When the fuel demand is 0 kg, N J and p J are senseless, as all satellites can be serviced. The phase distribution of all satellites is illustrated in Figure 4 . Selecting cases which take fuel demand out of account, the optimization results are shown in Table 2 . As shown in Table 2 : (1) the optimization result of case 1-1 is in accordance with Shen's research [3] , (2) the result of case 2-1 is in accordance with Alfriend's [20] research; (3) the results of cases 3-1 and 3-2 demonstrate that when all satellites are coplanar but not share the same altitude, the SSc always service the nearest (altitude difference is the smallest) one first; and (4) the result of case 4-1 once again verifies Alfriend's conclusion. Table 2 also verifies that the solution approach proposed in this paper can resolve the problem efficiently. Now, taking fuel demand into consideration, the nondominated frontiers for each scenario are shown in Tables 3-9 . Conclusions can be obtained from Table 3 - Table 9 that: (1) When priority is given to optimization objective p J , satellite which has high priority value would be serviced first. Taking 1-2(2), 1-3(4), 2-2(5), 2-3(2), 3-3(1), 3-4(5) and 4-2(2) as examples, if it is possible, the SSc always service satellite 3, 5, and 13 first.
(2) When priority is given to optimization objective N J , satellite which demands small fuel mass and consumes small in orbital transferring would be serviced first. Taking 1-2(4) and 1-3(6) as examples, in order to fuel one more satellite, the SSc services satellite 12, 5, 11, 13 first, and then satellite 3. Since the fuel demand of satellite 3 is large, if it is serviced first, there would not be sufficient fuel to satisfy other 4 satellites.
(3) When priority is given to optimization objective f J , in most cases, satellite that demands large fuel mass would be serviced first. That is due to the fact that the smaller the N J is, the less the orbital transfer would consume (see 1-1(1), 2-3(5) and 2-3(7)).
(4) When orbital plane differences are considered, the optimal servicing order is still mainly determined by orbital-plane differences (see tables 7, 8, and 9).
Conclusions
Considering the practical fact that the SSc capacity is limited and not all of the fuel-insufficient satellites could be refuelled in a mission, the problem of optimal scheduling of GEO OOR mission with uncertain OScs is studied. Specifically, the SSc is considered to be initially on the GEO belt. Numerous fuel-insufficient satellites request OOR at the same time. The SSc is unable to service all of these satellites. It just rendezvouses with some selected ones and refuels them. Phasing maneuver and Hohmann transfer are employed for each rendezvous. The optimization goal is to select the servicing targets and find the optimal servicing sequence with the best optimization objective value. Three optimization objectives, i.e. fuel cost, the total number of the servicing targets and the sum of the OSc priority value are taken into account. Considering this mission as a hybrid optimal control problem, a mathematical model is proposed. MOPSO is employed to address the model. Several OOR scenarios are compared in this paper. Numerical experiments indicate that 1) the method developed in this paper could address the problem efficiently; and 2) varieties in optimization objective emphasis and satellite distribution have considerable influences on the optimization results, and these influences appear regularly.
